Abstract. A formula involving a di erence of the products of four q-binomial coe cients is shown to count pairs of nonintersecting lattice paths having a prescribed number of weighted turns. The weights are assigned to account for the location of the turns according to the major and lesser indices. The result, which is a q-analogue of a variant of the formula of Kreweras and Poupard, is proved bijectively; however, when q 6 = 1 the bijection is de ned inductively.
Introduction
In the coordinate plane consider lattice paths with positively directed vertical and horizontal unit steps. If 0 denotes a vertical step and 1 denotes a horizontal step, a 0-1-sequence will determine a path since it will always be clear where a given path starts. In any path a consecutive 10 is a left-hand turn, and a consecutive 01 is a right-hand turn. denote the set of pairs of nonintersecting lattice paths, (P; Q), where each left path P runs from (0; 1) to (a; b+1) and has i left-hand turns, and where each right path Q runs from (1; 0) to (c+1; d) and has j right-hand turns. (As usual, two paths are nonintersecting if they have no point in common. Figure 1 shows a pair (P; Q) of nonintersecting lattice paths in N(4;5;6;5;2;3). The left-hand turns of P and the right-hand turns of Q are circled.
There, maj(P) = 3 + 6 = 9 and less(Q) = 3 + 5 + 9 = 17.) We will consider a bijective proof of the following result, rst when q = 1 and then in general, X (P;Q)2N (a;b;c;d;i;j) q maj(P)+less(Q) = q i 2 +j 2 8 < : 2 4 In 1955, Narayana 8] recorded such a result when the numbers of turns is ignored and q = 1: Formula (1) is a q-analogue of a symmetric form of a distribution in four parameters formulated by Kreweras and Poupard 6, 5] (see also 12]) for counting Catalan paths with a xed number of valleys, certain long jumps and long landings. Sulanke 10, 11] Here we will be counting a set of pairs of nonintersecting paths as the di erence of a set of pairs of unrestricted paths less a set of pairs of intersecting paths. Hence, our proofs of (1) and (12) will rely on encoding the pairs of intersecting paths as quadruples of sequences that we are able to count. This encoding will use insertions, deletions, shifts and a bijection between N(a;b;a;b;i;j) and N(a;b;a;b;j;i): For ordinary counting (i.e. q = 1) we use the \rotational" bijection R a;b;i;j : N(a;b;a;b;i;j) $ N(a;b;a;b;j;i) (2) where each pair of paths in N(a;b;a;b;i;j) is rotated into a pair of paths in N(a;b;a;b;j;i) by an 180 degree rotation centered at ((a + 1)=2; (b + 1)=2). When q 6 = 1, however, this simple rotation does not preserve weight. We have yet to nd an explicit weight-preserving bijection; as in Section 5, we can only de ne the bijection inductively. To motivate our proof of Formula (1), we introduce the \rotation method" while proving a result due essentially to Narayana 8] Proof of ( 3). Let I denote the set of all intersecting pairs in A. We will use jNj = jAj ? jIj = jAj ? jJ j; (4) where J is a bijective image of I that we can count. Speci cally, J will be the set of all pairs of lattice paths, (P 0 ; Q 0 ), where P 0 runs from (1; 0) to (a; b + 1) and Q 0 runs from (0; 1) to (c + 1; d).
For each (P; Q) 2 I, let ( ; ) denote the rst point of intersection of P and Q.
(1) Let P 1 be the initial subpath of P running from (0; 1) to ( ? 1; ):
(2) Let P 2 be the nal subpath of P running from ( ; ) to (a; b + 1): (3) Let Q 1 be the initial subpath of Q running from (1; 0) to ( ; ? 1): (4) Let Q 2 be the nal subpath of Q running from ( ; ) to (c + 1; d): ( We have yet to mention the steps immediately preceding ( ; ).) Let ( c Q 1 ; c P 1 ) be the image of (P 1 ; Q 1 ) under the 180-degree rotation centered at ( =2; =2). We remark that this proof is a modi cation of the well-known \interchanging" method of Gessel and Viennot 3] (see 9, section 1] or 4, section 2.2]) for counting disjoint paths. However, in contrast to their method, here P and Q are required to start within one unit of (0; 0), and the pair ( c P 1 0P 2 ; c Q 1 1Q 2 ) preserves, in essence, the \turn information" of (P; Q). 
1 x 1 < x 2 < < x i a; 1 y 1 < y 2 < < y i b; (7) 1 u 1 < u 2 < < u j c; 1 v 1 < v 2 < < v j d: (8) In the example in Figure 1 (12) Since N(a;b;c;d;i;j) = A ? I, and since, by elementary counting, jAj and jCj are, respectively, the rst term and second term of formula (12), we now complete the proof of (12) by exhibiting a bijection ? : I $ C.
First, we consider the cases corresponding to i = 0 or j = 0. Formula (12) is clearly valid when i = j = 0. If j = 0, 0 < i a, and 0 < i b (and similarly, for i = 0, 0 < j c, and 0 < j d), the notation of (5) and (7) To complete the proof of (12), we will show that the following map, adjusted so that C is its image, yields the desired bijection by exhibiting its inverse. Lemma 2. maps C into I:
Proof. The inequalities of ( 7) and ( 8) De ne the generating function of a set S, on which this weight is de ned, by
Equations (13) and (14) show that, for any B A;
q maj(P)+i+less(Q)+j :
On the other hand, we have whence Lemma 5 follows. Lemma 4 is proved in the same fashion.
Proof of formula ( 1) . In this proof we will give a procedure similar to the encoding ? of section 4. Unfortunately, now we do not know an explicit formula for a weight preserving bijection N(a;b;a;b;i;j) $ N(a;b;a;b;j;i); hence, we will establish its de nition recursively. We can establish the case for i = 0 or j = 0 in a manner analogous to that used in the previous section. Our proof of (1) for 0 < i a and 0 < j d is by induction on a + d. It is easily checked that (1) holds for a + d = 2.
Our induction hypothesis is that formula (1) is valid for all values of a + d when 0 a, 0 d, and a + d < n for some integer n; n > 2. Before proving the case for a + d = n > 2, we will establish a speci c weight preserving bijection, for a + b < n; Finally, we mention two corollaries of Formula (1). First, if we sum the right side of (1) with respect to i and j, we obtain a q-analogue of Narayana's result, Equation (3), as studied by F urlinger and Hofbauer 2].
Secondly, if we put a = c = d = j = n b in Equation (1), the right paths are completely constrained to form, essentially, a diagonal boundary. The resulting formula counts superdiagonal paths from (0; 1) to (a; b+1) with i valleys (i.e., left-hand turns). An equivalent q-ballot number was given by MacMahon ( 7] , p. 368; 2], section 4).
